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The recently established agreement between experiment and theory for the g factors of lithiumlike silicon
and calcium ions manifests the most stringent test of the many-electron bound-state quantum electrodynamics
(QED) effects in the presence of a magnetic field. In this Letter, we present a significant simultaneous improve-
ment of both theoretical gth = 2.000 889 894 4 (34) and experimental gexp = 2.000 889 888 45 (14) values of
the g factor of lithiumlike silicon 28Si11+. The theoretical precision now is limited by the many-electron two-
loop contributions of the bound-state QED. The experimental value is accurate enough to test these contributions
on a few percent level.
Introduction. — The magnetic moment of elementary parti-
cles and simple systems is a perfect tool for testing fundamen-
tal theories. High-precision g-factor measurements in highly
charged ions [1–7] in combination with elaborate theoretical
investigations (see, e.g., [8, 9] for reviews) have provided the
most stringent test of bound-state QED in the presence of a
magnetic field up-to-date. Moreover, these studies resulted
in the most accurate value of the electron mass [10–13]. Re-
cent measurements with two highly charged lithiumlike cal-
cium isotopes [6] have demonstrated the possibility to access
bound-state QED beyond the Furry picture in the strong cou-
pling regime, specifically the relativistic nuclear recoil effect
[14–16]. While hydrogenlike ions, due to their simplicity,
allow for the most accurate theoretical predictions, nuclear
effects set the ultimate limits of the theoretical accuracy re-
gardless of the progress in QED calculations. However, in
combination with measurements on lithiumlike and boronlike
ions, these limits can be overcome [17, 18]. Here, specific
differences of the g-factor values of different charge states
with the same nucleus exhibit orders-of-magnitude smaller
theoretical uncertainty than the individual g factors [17–20].
Based on this, an independent determination of the fine struc-
ture constant from heavy hydrogen- and boronlike ions [18]
and from light hydrogen- and lithiumlike ions [20] has been
proposed. Following the experiments with hydrogenlike ions
[1–4], the g factor of lithiumlike silicon has been measured at
the Mainz University with a relative uncertainty of 1.1×10−9
[5]. Shortly after, the g factors of two lithiumlike calcium iso-
topes have been measured with two-times smaller uncertainty
[6]. The corresponding efforts devoted to the evaluation of the
many-electron contributions to the g factor of three-electron
ions have led to a theoretical uncertainty of 6× 10−9 for sili-
con [22] and 13× 10−9 for calcium [23].
In this Letter, we present simultaneous experimental (by a
factor of 15) and theoretical (by a factor of 2) improvements
of the g factor of lithiumlike silicon. In view of the deter-
mination of the fine structure constant [20] this represents an
important step towards this long-term goal. Meanwhile, the
theoretical uncertainty is now dominated by the contributions
of the next-order many-electron QED diagrams. In order to
achieve further theoretical progress, these contributions need
to be evaluated rigorously (to all orders in αZ), while the re-
maining theoretical background is sufficiently developed to
match the present experimental accuracy.
Experiment. — The Zeeman splitting of the electron en-
ergy levels in a homogeneous magnetic field B: ∆E =
hνL = hge/(4pime)B gives experimental access to the
bound-electron g factor. Here, h denotes the Planck constant,
νL the Larmor frequency, e the electric charge of the electron
andme its mass. By measuring the cyclotron frequency of the
highly-charged ion νc = qionB/(2pimion), where qion is the
electric charge and mion is the mass of the ion, the magnetic
field can be determined and the g factor is given by the ratios
of frequencies (Γ ≡ νL/νc), masses (me/mion), and charges
(qion/e):
g = 2
νL
νc
me
mion
qion
e
≡ 2Γ me
mion
qion
e
. (1)
In case of lithiumlike silicon, the mass of the ion
m(28Si11+) = 27.970 894 575 55(75) u [11, 24, 25] and
the mass of the electron me = 0.000 548 579 909 070(16) u
[10, 11, 26] contribute to the relative systematic uncertainty
of the experimentally determined g factor on a level of
δg/g |mion,me= 4 × 10−11, whereas the previously measured
frequency ratio Γ entails a relative uncertainty of δg/g |Γ=
1× 10−9 [5]. In the following, a 15-fold improved value of Γ
is presented.
For the determination of the Larmor-to-cyclotron frequency
ratio Γ, the experimental apparatus for bound-electron g fac-
tors of highly charged ions, located in Mainz, has been used
[26]. Here, single highly-charged ions are trapped and stud-
ied in a Penning-trap setup, which is placed in a hermetically
sealed, cryogenic vacuum vessel permeated by a homoge-
neous 3.8 T magnetic field. In a five electrode cylindrical Pen-
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2ning trap with a radius r = 3.5 mm and a ring voltage of about
−7.2 V the three eigenfrequencies, the modified cyclotron fre-
quency ν+ ≈ 22.7 MHz, the axial frequency νz ≈ 631 kHz
and the magnetron frequency ν− ≈ 8.8 kHz are measured
non-destructively at cryogenic temperatures (Tz ≈ 4 K) via
a superconductive axial tank circuit. The invariance theorem
νc =
√
ν2+ + ν
2
z + ν
2− [27] is used to determine the free cy-
clotron frequency. In each measurement cycle a microwave
field at randomly chosen, fixed frequency ν∗L around the es-
timated Larmor frequency νL ≈ 105.4 GHz is injected for 5
seconds. During this time the modified cyclotron frequency is
measured via the phase-sensitive technique PnA [28]. To de-
termine the spin-state of the bound electron by the so-called
continuous Stern-Gerlach effect [29] before and after these
measurements, the ion is adiabatically transported from the
precision trap (PT) into an adjacent trap, the analysis trap
(AT). Here, a large magnetic bottle (B2 = 10500 T/m2) cou-
ples the spin-state of the bound electron to the axial motion
(∆νz = νz(↑) − νz(↓) ≈ 260 mHz at νz ≈ 408 kHz). After
each measurement cycle, a frequency ratio Γ∗ = ν∗L/νc and
the information whether or not the spin has flipped is recorded.
Repeating this measurement cycle at different ν∗L allows to ap-
ply a maximum likelihood fit to the spin-flip probability ver-
sus the measured frequency ratios Γ∗. From this Gaussian Γ-
resonance the frequency ratio Γstat is extracted. More details
on the different frequency detection techniques, the measure-
ment cycle and the lineshape of the Γ resonance can be found,
e.g., in Ref. [26].
In comparison to the previous measurement of 28Si11+ [5],
two major improvements have been made. (1) At first, the
spin-flip rate in the AT has been increased from 1% to more
than 40% with two measures: (a) We increased the microwave
power by optimizing the wave guides and their horn-horn
transitions. (b) Due to the strong magnetic bottle, the mag-
netic field and thus the Larmor frequency in the AT is fre-
quency modulated: B(t) ≈ B0+B2 δz2+2B2 δz z(t), where
z(t) = z′0 sin(ωzt+φ0) is the axial amplitude and δz is a shift
of the axial center position of the ion with respect to the cen-
ter position of the magnetic bottle, e.g., caused by intrinsic
patch potentials on the electrode surfaces. In case of a non-
vanishing modulation index η ≡ ∆νL/νz , a sideband struc-
ture appears and the spin-flip rate is reduced. Since the mod-
ulation index scales linearly with z0, the modulation has been
decreased and thus the spin-flip rate increased, by placing the
ion in the center of the magnetic bottle. In this way, the mea-
surement cycle time could be reduced by a factor of 5 to 30
minutes. (2) Secondly, the application of the phase sensitive
measurement technique PnA [28] instead of the double-dip
technique [5] reduced the measurement time of the modified
cyclotron frequency by a factor of 30.
In 1.5 months 1674 measurement cycles (263 cycles with
a spin-flip in the PT and 1411 cycles without a spin-flip in
the PT) have been recorded at four different modified cy-
clotron excitation radii r+,exc =11, 17, 52, 69 µm, see Fig. 1.
Here, the slope is mainly given by the relativistic shift of
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FIG. 1. Measured frequency ratios Γstat at different modified cy-
clotron excitation energies during the PnA cycle minus some offset
parameter Γoff. The red line indicates a linear fit extrapolating to
zero excitation energy. The extrapolated value (red dot) is in excel-
lent agreement with the former measurement (blue dot) [5]. The grey
hatched area indicates the uncertainty of the linear fit.
TABLE I. Relative systematic shifts of the frequency ratio Γ and their
uncertainties, defined as (Γfinal − Γstat)/Γoff.
Rel. shift Rel. uncert.
Effect (×1012) (×1012)
Image charge −659 33
Lineshape model 0 7
Residual electrostatic anharmonicity  1 2
Magnetron frequency uncertainty 0 2
Image current −1 1
Residual magnetostatic inhomogeneity 0.5 0.4
Residual special relativity −0.2 0.3
Total −660 34
the modified cyclotron energy. The linearly extrapolated fre-
quency ratio at zero excitation energy Γstat(r+,exc = 0) =
4637.318 949 16 (21) has to be corrected for systematic shifts,
see Table I, which are also discussed in [26]:
Γfinal
(
28Si11+
)
= 4637.318 946 10 (27) . (2)
The additional electric field, which is generated by the in-
duced image charges on the trap surfaces, causes small shifts
in the two radial frequencies [4]. This so-called image charge
shift is the dominant systematic effect. In combination with
the masses given above we determine an improved value of
the bound-electron g factor of lithiumlike silicon:
gexp
(
28Si11+
)
= 2.000 889 888 450 (92) (68) (53) (58). (3)
Here, the statistical and systematic uncertainty of Γ as well as
the uncertainties due to the mass of 28Si11+ and the mass of
3the electron are given in the four brackets separately. Our new
value is in excellent agreement with the former measurement
and exceeds its precision by a factor of 15. With a relative
uncertainty of 7.0 × 10−11, this new value also surpasses the
precision of the currently most accurate lithiumlike g factor
(δgexp
(
48Ca17+
)
/g = 4.1× 10−10 [6]) by a factor of 6.
Theory. — While for one-electron systems the theoretical
consideration of the g factor comes down to the QED and nu-
clear effects, for lithiumlike ions the electron-electron interac-
tion effects come into play. In contrast to other atomic prop-
erties, such as binding energies, for the g factor these effects
are purely relativistic, i.e., they vanish in the non-relativistic
limit. Moreover, the contribution of the negative-energy states
is not suppressed as compared to the positive-energy states
and is equally important. These features make the g-factor
evaluation in many-electron systems more involved than, e.g.,
the evaluation of the binding energies. Various calculation
methods have been employed over the years, which resulted
in today’s accuracy on the level of 10−9. In general, there
are three expansion parameters that can be used in the theo-
retical description of highly charged ions: α, αZ, and 1/Z,
where α is the fine structure constant and Z is the nuclear
charge number. Different theoretical approaches rely on the
expansions in αZ, 1/Z, or both. The rigorous QED approach
accounts for all orders in αZ, while only few leading or-
ders in α and 1/Z are accessible up-to-date. In particular,
the diagrams of the one- and two-photon exchange (∼ 1/Z
and ∼ 1/Z2) and the two-electron self-energy and vacuum-
polarization diagrams (∼ α/Z) have been evaluated to all or-
ders in αZ [5, 23, 30, 31]. In turn, the so-called NRQED
(nonrelativistic quantum electrodynamics) approach provides
access to all orders in 1/Z (based on the Schro¨dinger equa-
tion), however, it is restricted to the leading orders in αZ
(see, e.g., [22, 32]). The interelectronic-interaction operator
incorporating the leading relativistic corrections is known as
the Coulomb-Breit operator. For this reason, the term “Breit
approximation” is widely used for the results obtained with
this operator and more generally for the results, which repro-
duce correctly the contributions to the g factor of the order
(αZ)2. The higher-order remainder (starting from (αZ)4) can
be termed as a “non-trivial QED contribution”. However, this
separation depends on the exact formulation of the approach
used to obtain the Breit approximation.
The interelectronic-interaction effects determine the accu-
racy of the recently published theoretical g-factor values [22,
23] in the middle-Z region. For this reason, below we con-
sider these effects in some detail. According to the previ-
ous works, we separate the many-electron contributions into
the pure interelectronic-interaction correction, the screening
of the QED effects, and the corresponding correction to the
nuclear recoil effect. The effect of the finite nuclear size can
be taken into account for each of these contributions by using
the proper nuclear Coulomb potential.
First, we consider the interelectronic-interaction correction
to the g factor of lithiumlike ions within the Breit approx-
imation. Accurate calculations to all orders in 1/Z have
been performed by Yan [33, 34] based on the effective two-
component Hamiltonian derived by Hegstrom [35, 36]. Re-
cently, Yerokhin and co-authors have performed similar cal-
culations with much better accuracy [22]. In this work,
we present an independent calculation within the recursive
formulation of the perturbation theory [37]. This method
proved to be efficient for calculations of the higher-order
interelectronic-interaction contributions to the binding ener-
gies in few-electron ions [37–39] and to the nuclear-recoil ef-
fect on the g factor [14, 16]. Extension of this method to the g-
factor calculations implies proper account for the contribution
of the negative-energy continuum. The key advantage of this
method is that it provides direct access to the individual terms
of the 1/Z-expansion. Consequently, no fitting procedure is
needed to identify the part of the order 1/Z3 and higher, which
is to be combined with the QED values for the 1/Z and 1/Z2
terms. The convergence of the 1/Z-expansion can be im-
proved significantly by using the effective screening potential
in the Dirac equation, which defines the zeroth-order wave
functions. We consider three different screening potentials —
core-Hartree, Kohn-Sham, and local Dirac-Fock [38, 40–43].
As a result, we find the Breit-approximation part of the in-
terelectronic interaction with an uncertainty on the level of
1 × 10−9. It has to be complemented by the non-trivial QED
contribution (higher orders in αZ) evaluated with the same
screening potential.
Evaluation of the interelectronic interaction to all orders in
αZ within the framework of bound-state QED can be done
only order by order in 1/Z. The first-order correction (one-
photon exchange) is relatively simple, it has been calculated,
e.g., in Ref. [17] for a wide range of Z. The two-photon-
exchange correction is significantly more involved, including
the derivation of the complete set of formulas and develop-
ment of the numerical procedure. The first evaluation for lithi-
umlike silicon with the Coulomb potential in Ref. [5] was ex-
tended to several other lithiumlike ions and to various screen-
ing potentials in Ref. [23]. In this paper, we reevaluate the
one- and two-photon-exchange contributions for silicon with
the potentials listed above to match the Breit-approximation
values. The total interelectronic-interaction contribution to
the g factor of lithiumlike silicon is 314.8118 (12) (24) ×
10−6. The first error bar here is the numerical uncertainty
of the calculations. The second one is due to the unknown
nontrivial QED contribution of the three-photon-exchange di-
agrams. It can be estimated based on different ratios of the
presently known contributions. As an approximate average
of these estimations, we use the expression 2 (αZ)2 ∆g(3),
where ∆g(3) is the 1/Z3-contribution evaluated in the Breit
approximation. This estimation is more conservative than the
one used in Ref. [22].
The interplay between the interelectronic-interaction and
QED effects leads to the two-electron or “screened” QED cor-
rection. In analogy to the “pure” interelectronic-interaction
contribution considered above, one can also consider the Breit
approximation here. To this end, one can use the set of two-
component effective QED operators [35, 36]. For s-states
4these operators yield the correct result up to the order (αZ)2
for arbitrary order in α and 1/Z. In Refs. [22, 33, 34] these
operators were used to evaluate the screened QED correction
by averaging with the many-electron wave functions obtained
from the many-electron Schro¨dinger equation. In Ref. [44] the
four-component counterparts of these operators were used to
calculate the 1/Z contribution. In this work, we incorporate
these operators in the recursive perturbation theory in order
to find the contributions of arbitrary order in 1/Z. In order
to obtain the sought-for contributions we develop the multi-
recursive scheme of the perturbation theory with respect to the
following operators: the effective four-component QED oper-
ators (first order), the magnetic-field interaction (first order),
and the interelectronic interaction (arbitrary order). In addi-
tion, we employ the effective screening potential (see above),
which accelerates the convergence of the perturbation series
in 1/Z.
Screened QED correction of the first orders in α and in
1/Z corresponds to the set of two-electron self-energy and
vacuum-polarization diagrams, which have been evaluated to
all orders in αZ in Refs. [23, 30, 31]. The numerical un-
certainty of these calculations gets larger for smaller nuclear
charge due to the large cancellations of individual terms and
the poor partial-wave convergence. In this work, in order to
get the most of both the rigorous approach and the effective
operators, we have performed the calculations within both
methods for a set of Z in the range 20–50. Then the differ-
ence between these values has been extrapolated to Z = 14
by fitting to the polynomials in 1/Z and αZ. As a result,
we find −0.2415 (14) (16)× 10−6 for the screened QED cor-
rection to the g factor of lithiumlike silicon. The first given
uncertainty is numerical and the second one is due to the un-
known nontrivial QED contribution of the second and higher
orders in 1/Z. It is estimated using the ratio of the nontriv-
ial QED contribution and the Breit-approximation part of the
1/Z contribution, in full agreement with Ref. [22].
The theoretical results for the g factor of lithiumlike silicon
are summarized in Table II. The finite nuclear size effect is
calculated numerically, the uncertainties due to the nuclear ra-
dius and model are negligible at present. The interelectronic-
interaction and the screened QED contributions are evaluated
in the present work as described above. The one-loop one-
electron QED correction is taken from Refs. [44–46]. The
QED correction of the second and higher orders in α ob-
tained within the framework of αZ-expansion is taken from
Refs. [13, 22, 47, 48]. For the nuclear recoil effect we use
the most recent results from Refs. [14, 16], which include the
higher-order terms in αZ and the interelectronic-interaction
contributions. We note that the value of the nuclear recoil
correction has changed considerably due to the many-electron
part, which was found to be treated incompletely in previous
works. The total theoretical value of the g factor is
gth
(
28Si11+
)
= 2.000 889 894 4 (34) . (4)
The error bar is largely determined by the estimation of
the presently unknown contributions of the two-loop many-
TABLE II. Individual contributions to the ground-state g factor of
lithiumlike silicon and comparison with the experimental result and
with the previously reported theoretical and experimental values.
The experimental result of Wagner et al. [5] is updated for the new
values of the electron mass and the mass of 28Si11+.
Dirac value (point nucleus) 1.998 254 750 7
Finite nuclear size 0.000 000 002 6
QED, ∼ α 0.002 324 043 9
QED, ∼ α2+ −0.000 003 516 6 (3)
Interelectronic interaction 0.000 314 811 8 (27)
Screened QED −0.000 000 241 5 (21)
Nuclear recoil 0.000 000 043 6
Total theory, this work 2.000 889 894 4 (34)
Total theory, Yerokhin et al. [22] 2.000 889 892 (6)
Total theory, Volotka et al. [23] 2.000 889 892 (8)
Experiment, this work 2.000 889 888 458 (137)
Experiment, Wagner et al. [5] 2.000 889 888 4 (19)∗
∗updated for the involved mass values (see text).
electron diagrams: three-photon exchange and two-photon ex-
change with additional self-energy loop. The difference be-
tween gth and gexp is 1.7 times larger than this uncertainty
which strongly stimulates further theoretical investigations.
Conclusion. — In summary, we have presented a 15-fold
improvement of the experimental value and a 2-fold improve-
ment of the theoretical value of the g factor of 28Si11+. The
experimental and theoretical relative uncertainties amount to
7.0×10−11 and 1.7×10−9, respectively. The latter is mostly
determined by the unknown many-electron two-loop QED
contributions. The obtained values are 1.7σ apart, which may
indicate that these contributions exceed our present estima-
tions. Further laborious developments of the theoretical meth-
ods are required to resolve this discrepancy. At the same time,
the obtained experimental value has a potential to validate the
non-trivial parts of the many-electron two-loop QED contri-
butions on a few percent level.
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